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1 Representation of Objects
A number of representational forms for computer graphics are commonly used. Each representational form has its
strengths and weaknesses for ease of use, accuracy and computational efficiency. The four representations that we will
consider are:

1. Polygonal Objects are approximated by a net of planar polygonal facets.

2. Bicubic parametric patches Objects are represented by nets of elements called patches. These are polynomials
in two parametric variables. The polynomial is usually cubic.

3. Constructive solid geometry (CSG) Objects are represented exactly by a collection of “elementary” objects such
as spheres, cylinders and boxes. These objects are joined with combined with boolean set operators.

4. Space division techniques Points of 3-d space are characterized by object occupancy.

Some schemes (1 and 4) are approximate representations while other schemes (2 and 3) can be exact. Some schemes
(1 and 2) define the boundary of the object while other schemes (3 and 4) represent the volume of the object. Table 1
summarizes this characterization.

1.1 Polygonal Representation
This is the canonical representation of computer graphics. Many rendering techniques internally use this representation
so that the other representations are usually converted to a polygonal representation before rendering. The accuracy of
the representation is is dependent on the number of polygons used. In areas where the curvature changes rapidly, more
polygons are needed per unit area of surface. The polygons most frequently used in this representation is are triangles
or quadrangles. A polygon mesh is defined by a list of polygons each defined by a list of vi = (xi, yi, zi) coordinates
that are the polygon vertices.

For a polygon of order n we can define the n − 1 displacement vectors of the polygon by:

di = vi − v0 (1)

We normally will deal with planar polygons, that is having displacement vectors that are coplanar:

di × dj · dk = 0 (2)

Approximate Exact
Boundary Polygonal Parametric patches
Volume Space division CSG

Table 1: Characterization of representational schemes
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Figure 1: Wireframe representation of a surface

Figure 2: A glass defined by sweeping a ten sided polygon

for all i, j, k. If this condition is true we can define the normal vector of the polygon to be:

N =
v1 × v2

|v1 × v2|
(3)

For planar polygons of order n we can easily break then up into n − 2 triangles. The displacement vectors of the kth
triangle are just dk and dk+1 that is the k and k + 1 displacement vectors of the n-th order polygon.

The wire frame can be obtained by various methods. An operator can manually digitize points on a surface. A
laser ranger can scan an object and obtain contours of an object on a rotating pedestal. The wireframe can be derived
from another representation by mathematical derivation.

We also can generate shapes by sweeping a two dimensional cross section curve along any arbitrary curve. This
will generate what is called a ducted solid or a generalized cylinder. This will generate the effect of an extruded
solid. We can both vary the path of the curve and vary the size or attitude of the curve to obtain various effects.
Examples of these effects can be seen in Figs 2 and 3.

1.2 Bicubic parametric patch nets
The polynomial parametric patch nets are in concept similar to the wireframe model. The main conceptual difference
is that the surface of the patch is not constrained to be on a plane. We will consider one of the simplest types of
polynomial representation called the Bézier polynomials
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Figure 3: A spring defined by sweeping an octagon on a spiral path.

1.2.1 Parametric equations

Modeling curves is often easier when a parametric representation is used. This allows us to deal with multiply valued
functions easily. A point on a curve is represented by a vector:

P (u) = [x(u), y(u)] (4)

For example a parametric representation of a unit radius circle is

P (u) = [cos(u), sin(u)]. (5)

In this case the range of the parametric variable u is [−π, π]

1.2.2 Bézier Curves

We will define a two dimensional Bézier curve with via four control points. We want these control points to relate
intuitively to the shape of the curve. The parameter for this parametric equation is in the range [0, 1]. Each of the four
points is given by its x, y value which we will represent by the vector pi. The Bézier curve, P (u), is determined by
the four control points mixed together via blending functions Bi(u):

−→
P (u) =

3
∑

i=0

−→p iBi(u) (6)

where
B0(u) = (1 − u)3 (7)

B1(u) = 3u(1− u)2 (8)

B2(u) = 3u2(1 − u) (9)

B3(u) = u3 (10)

The four blending functions are shown in Fig. 4. The blending functions can be thought of as the relative weight of
each control point at each value of u.

Let us now analyze some properties of the this curve.

1. It is trivial to show that
3

∑

i=0

Bi(u) = 1 (11)

This means that if all the control points are constant in one dimension (x or y) then the parametric equation is
also constant for that dimension and takes on the control points value.
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Figure 4: The four Bézier (Bernstein) blending functions Bi(x)

2. It is also trivial to show that the parametric curve goes through the point (x0, y0) when u = 0 (i.e. P(0) = p0) and
that the parametric curve goes through the point (x3, y3) when u = 1 (i.e. P(1) = p3).

3. It is also trivial to show that the parametric curve is invariant with respect to translations (from property 1.). The
curve is also invariant with respect to rotations. Thus if we perform a rotation on the original points pi,

p′

i = [x′

i, y
′

i] = piR = [xi, yi] ·

[

cos(θ) sin(θ)
− sin(θ) cos(θ)

]

(12)

We can define the function P′(u) via the transformed control points p′

i. If we inverse transform the curve P′(u)
then we recover the original curve P(u). This is because of the simple relationship

P(u) = P′(u)R−1 = P(u)RR−1 (13)

4. The derivative of the curve P(u) with respect to u, dP(u)/du is

dP(u)

du
= −3p0(1 − u)2 + 3p1((1 − u)2 − 2u(1− u)) + 3p2(2u(1 − u) − u2) + 3p3u

2 (14)

We can calculate the slope of the bézier curve ( dy

dx
) using the formula

dy

dx
=

(

dy
du

)

(

dx
du

) (15)

Evaluating the slope at each endpoint we get the relation
(

dy

dx

)

x0

=
y0 − y1

x0 − x1

(16)
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Figure 5: Some Bézier curves

and
(

dy

dx

)

x3

=
y2 − y3

x2 − x3

(17)

Some examples of Bézier curves are shown in Fig. 5.

1.3 Biparametric cubic surfaces
The treatment of parametric cubic curve segments is easily generalized to biparametric cubic surface patches. A cubic
Bézier patch is defined as:

Q(u, v) =

3
∑

i=0

3
∑

j=0

PijBi(u)Bj(v) (18)

The Bézier patch has 16 control points, 12 are associated with the perimeter of the patch and 4 are internal points.
Only the corner vertices actually lie on the surface. At first glance using Bézier surfaces seem to be counter-intuitive
but actually the control points have can be used to intuitively pull the curve in a particular direction. Since the slope
the curve ( also the tangent vector of the surface ) is in the direction of the internal control point, we can maintain first
order continuity ( smoothness of the surface ) by constraining the closest interior control points of different patches to
be colinear with the boundary control point between them.
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Figure 6: 3-d Bezier Surface

Figure 7: Control point of teapot

Figure 8: Teapot from Bezier surfaces
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